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Abstract
In this paper we revisit the tunneling spectrum of a charged and rotating black hole–Kerr-
Newman black hole by using Parikh and Wilczek’ s tunneling method and get the most general
result compared with the works [9, 10]. We find an ambiguity in Parikh and Wilczek’ s tunneling
method, and give a reasonable description. We use this general spectrum to discuss the information
recovery based on the Refs. [11–13]. For the tunneling spectrum we obtained, there exit correlations
between sequential Hawking radiations, information can be carried out by such correlations, and
the entropy is conserved during the radiation process. So we resolve the information loss paradox
based on the methods [11–13] in the most general case.
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I. INTRODUCTION
Since Hawking radiation [1, 2] was discovered, black hole physics has been greatly devel-
oped. People know that black hole is not the object from which gravity prevents anything,
including light, from escaping, and it can radiate thermal spectrum. Black holes are not the
final state of stars, and, with the emission of Hawking radiation, they lose energy, shrink,
and eventually evaporate completely. However, because the radiation is a purely thermal
spectrum, it also sets up a disturbing and difficult information loss problem: what happens
to information during black hole evaporation? This scenario is inconsistent with the unitary
principle of quantum mechanics [3–6].
The semi-classical method which models Hawking radiation as a tunneling process was
proposed by Parikh and Wilczek [7, 8] in 2001. This method uses WKB approximation, and
calculates the imaginary part of the action ImI =
∫ rout
rin
prdr for the classically forbidden
process across the horizon. The tunneling probability is given by Γ ∝ exp(−2ImI). They
found that considering the back reaction of the emission particle to the spacetime, a non-
thermal spectrum is given, which supports the underlying unitary theory. After that, there
were many works to generalize this method to other different kinds of black holes and all got
the same results. The most general case is the charged particles’ tunneling from a charged
and rotating black hole–Kerr-Newman black hole [9, 10].
In 2009, Refs. [11–13] gave more detailed discussions about Parikh and Wilczek’s non-
thermal spectrum. Their results are that there exist correlations among sequential Hawking
radiations, the correlation is equal to mutual information, and black hole radiation is an
entropy conservation process. In Ref. [12], they discussed the properties of charged particles’
tunneling spectrum from Kerr-Newman black hole by using the tunneling spectrum in Refs.
[9, 10]. We find that this spectrum is not the most general case, and is just the special case
for j = aω (see the end of section 2). We revisit the calculation and get the most general
tunneling spectrum (13). We also find an ambiguity in Parikh and Wilczek’s method, and
give a reasonable description. Then we use the tunneling spectrum obtained to discuss
information conservation and generalize Refs. [11–13]’ results to the most general case.
This paper is organized as follows. In Section 2, we revisit the tunneling method to get
a general non-thermal spectrum from Kerr-Newman black hole. In Section 3, we investigate
the properties of this non-thermal spectrum. In the last Section, we give some discussions
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and conclusions.
II. REVISITING PARIKH AND WILCZEK’ S TUNNELING METHOD FROM
KERR-NEWMAN BLACK HOLE
We recalculate the tunneling spectrum from a general charged and rotating black hole–
Kerr-Newman black hole. Although there are some works [9, 10] about this problem, our
discussion has new insights and gets the most general result. We will use directly some
results already in Ref. [10].
According to WKB approximation, the emission rate Γ can be given as
Γ ∼ exp(−2ImI), (1)
where I is the action of the emitting particle. In the Painleve´-Kerr-Newnan coordinate
system, the action for the classically forbidden trajectory of an emitting particle is
I =
∫
[prdr − pAtdAt − pφdφ]
=
∫
[prdr −
pAtA˙t
r˙
dr −
pφφ˙
r˙
dr]
=
∫ ∫
[dpr −
A˙tdpAt
r˙
−
φ˙dpφ
r˙
]dr. (2)
For the emitting particle, the Hamilton’s equations are
r˙ =
dH
dpr
|(r;At,pAt ;φ,pφ) =
dω
dpr
,
A˙t =
dH
dpAt
|(At;r,pr;φ,pφ) =
V0dq
dpAt
, (3)
so we have
dpr =
dω
r˙
, A˙tdpAt = V0dq, (4)
where ω, q are the energy and charge of the emitting particle. V0 is the electrostatic potential
on the outer event horizon r = r+,
V0 =
Qr+
r2+ + a
2
, (5)
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where Q and a = J
M
are the charge and angular momentum of unit mass of black hole
respectively. So we can get
ImI = Im
∫ ∫
[
dω
r˙
− Ω
dj
r˙
−
V0dq
r˙
]dr
=
∫ ∫
dr
r˙
[dω − Ωdj − V0dq], (6)
where Ω = a
r2
+
+a2
is the angular velocity of the horizon and pϕ = j is the angular momentum
of the emitting particle. We consider the s-wave, so φ˙ = Ω.
In Ref [10]. the expression of r˙ for the charged particle is
r˙ =
∆
2
√
ρ2
(ρ2 −∆)[(r2 + a2)2 −∆a2 sin2 θ]
, (7)
where
∆ = r2 + a2 +Q2 − 2Mr = (r − r+)(r − r−),
r± = M ±
√
M2 − a2 −Q2,
ρ2 = r2 + a2 cos2 θ. (8)
Putting Eq. (7) into Eq. (6), we have
ImI = Im
∫ ∫
2
√
(ρ2 −∆)[(r2 + a2)2 −∆a2 sin2 θ]
(r − r+)(r − r−)
√
ρ2
dr(dω − Ωdj − V0dq)
= Im
∫
pii2
r2+ + a
2
r+ − r−
(dω − Ωdj − V0dq)
= 2pi
∫
r2+ + a
2
r+ − r−
(dω − Ωdj − V0dq)
= 2pi
∫
r2+ + a
2
r+ − r−
dω −
a
r+ − r−
dj −
Qr+
r+ − r−
dq, (9)
where the integral of r is done by deforming the contour around the pole in the second
equality.
When particle’s self-gravitation is taken into account we should replace M,J,Q with
M − ω, J − j, Q− q in Eq. (9),
ImI = pi
∫ (ω,j,q)
(0,0,0)
[2(M − ω) +
2(M − ω)3 − (Q− q)2(M − ω)√
(M − ω)4 − (J − j)2 − (Q− q)2(M − ω)2
]dω
−
J − j√
(M − ω)4 − (J − j)2 − (Q− q)2(M − ω)2
dj
−[(Q− q) +
(Q− q)(M − ω)2√
(M − ω)4 − (J − j)2 − (Q− q)2(M − ω)2
]dq. (10)
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It is easy to find that
ImI = −
1
2
∫
[
∂(∆S)
∂ω
dω +
∂(∆S)
∂j
dj +
∂(∆S)
∂q
dq]
= −
1
2
∆S, (11)
where
∆S = pi[2(M − ω)2 − (Q− q)2 + 2
√
(M − ω)4 − (J − j)2 − (Q− q)2(M − ω)2]
−pi[2M2 −Q2 + 2
√
M4 − J2 −Q2M2] (12)
is the change of black hole entropy after emitting a particle with (ω, j, q). So the tunneling
rate is
Γ ∼ exp(−2ImI) = exp(∆S)
= exp(pi[2(M − ω)2 − (Q− q)2 + 2
√
(M − ω)4 − (J − j)2 − (Q− q)2(M − ω)2]
−pi[2M2 −Q2 + 2
√
M4 − J2 −Q2M2]). (13)
This is the general result for the tunneling spectrum. Refs. [9, 10] only give a special case
with j = aω,
Γ ∼ exp(−2ImI)
= exp(pi[2(M − ω)2 − (Q− q)2 + 2(M − ω)
√
(M − ω)2 − a2 − (Q− q)2]
−pi[2M2 −Q2 + 2M
√
M2 − a2 −Q2]). (14)
Let us give some discussions. In the original paper of Parikh and Wilczek’s tunneling
method [7, 8] and many other followed works [9, 10], for the Hamilton’s equation r˙ = dH
dpr
,
they argued that H = M−ω represents the Hamiltonian of the black hole, and r˙ is the radial
path of the emitting particles. We think there exists an ambiguity since we could not tell
the Hamilton’s equation is for what physical object. In Ref. [7–10], a minus sign appears
in equation dH = −dω, and integration around the pole gives the result −piiRes, where
the minus sign comes from the assumption rin > rout. This integration is inconsistent with
that of another tunneling method–complex path integration method (also called Hamilton-
Jacobi method) which gives the integration piiRes [14–16]. In our article, we consider that
the Hamilton’s equation is for the emitting particles, and H = ω represents the energy
of emitting particles. The integrating around pole is piiRes which is the same as that of
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the complex path integration method. In our opinion the two different tunneling methods
should have the same integration around the pole since this integration reflects the barrier
in the tunneling process.
III. INFORMATION RECOVERY OF TUNNELING SPECTRUM FROM KERR-
NEWMAN BLACK HOLE
In this section we investigate the properties of the tunneling spectrum (13) based on Refs.
[11–13]’ methods. From Eq. (13), the probability for the emission of a particle with energy,
angular momentum and charge (ω1, j1, q1) is
Γ(ω1, j1, q1) = exp(pi[2(M − ω1)
2 − (Q− q1)
2 + 2
√
(M − ω1)4 − (J − j1)2 − (Q− q1)2(M − ω1)2]
−pi[2M2 −Q2 + 2
√
M4 − J2 −Q2M2]). (15)
And the probability for the emission of a particle with energy, angular momentum and
charge (ω2, j2, q2) is
Γ(ω2, j2, q2) = exp(pi[2(M − ω2)
2 − (Q− q2)
2 + 2
√
(M − ω2)4 − (J − j2)2 − (Q− q2)2(M − ω2)2]
−pi[2M2 −Q2 + 2
√
M4 − J2 −Q2M2]). (16)
Note that (ω1, j1, q1) and (ω2, j2, q2) represent two independent emitting particles, so the
expressions should have the same form.
Let us consider a process as follows. One particle with energy, angular momentum and
charge (ω1, j1, q1) emits, then another particle with energy, angular momentum and charge
(ω2, j2, q2) emits. The probability for the emission of the second particle is
Γ(ω2, j2, q2|ω1, j1, q1) = exp(pi[2(M − ω1 − ω2)
2 − (Q− q1 − q2)
2
+ 2
√
(M − ω1 − ω2)4 − (J − j1 − j2)2 − (Q− q1 − q2)2(M − ω1 − ω2)2]
− pi[2(M − ω1)
2 − (Q− q1)
2
+ 2
√
(M − ω1)4 − (J − j1)2 − (Q− q1)2(M − ω1)2]), (17)
which is the conditional probability and is different from the independent probability (16).
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So the emitting probability for the two successive emissions can be calculated as
Γ(ω1, j1, q1, ω2, j2, q2) ≡ Γ(ω1, j1, q1)Γ(ω2, j2, q2|ω1, j1, q1)
= exp(pi[2(M − ω1)
2 − (Q− q1)
2
+2
√
(M − ω1)4 − (J − j1)2 − (Q− q1)2(M − ω1)2]
−pi[2M2 −Q2 + 2
√
M4 − J2 −Q2M2])
× exp(pi[2(M − ω1 − ω2)
2 − (Q− q1 − q2)
2
+2
√
(M − ω1 − ω2)4 − (J − j1 − j2)2 − (Q− q1 − q2)2(M − ω1 − ω2)2]
−pi[2(M − ω1)
2 − (Q− q1)
2
+2
√
(M − ω1)4 − (J − j1)2 − (Q− q1)2(M − ω1)2])
= exp(pi[2(M − ω1 − ω2)
2 − (Q− q1 − q2)
2
+2
√
(M − ω1 − ω2)4 − (J − j1 − j2)2 − (Q− q1 − q2)2(M − ω1 − ω2)2]
−pi[2M2 −Q2 + 2
√
M4 − J2 −Q2M2]). (18)
The last equality is Γ(ω1 + ω2, j1 + j2, q1 + q2), so we have
Γ(ω1, j1, q1, ω2, j2, q2) = Γ(ω1 + ω2, j1 + j2, q1 + q2). (19)
This is an important relationship which tells us that the probability for two particles emitting
successively with energy, angular momenta and charges (ω1, j1, q1) and (ω2, j2, q2) is the same
as the probability for one particle emitting with energy, angular momentum and charge
(ω1 + ω2, j1 + j2, q1 + q2). It is easy to see that
Γ(ω1, j1, q1, ω2, j2, q2, · · · , ωi, ji, qi) = Γ(ω1, j1, q1)Γ(ω2, j2, q2|ω1, j1, q1)
× · · · × Γ(ωi, ji, qi|ω1, j1, q1, · · · , ωi−1, ji−1, qi−1)
= Γ(ω1 + · · ·+ ωi, j1 + · · ·+ ji, q1 + · · ·+ qi). (20)
This is an important relationship we will use later.
For the Hawking radiation, the correlation between the two sequential emissions can be
calculated as [11–13]
ln Γ(ω1 + ω2, j1 + j2, q1 + q2)− ln[Γ(ω1, j1, q1)Γ(ω2, j2, q2)] = ln
Γ(ω1 + ω2, j1 + j2, q1 + q2)
Γ(ω1, j1, q1)Γ(ω2, j2, q2)
= ln
Γ(ω1, j1, q1)Γ(ω2, j2, q2|ω1, j1, q1)
Γ(ω1, j1, q1)Γ(ω2, j2, q2)
= ln
Γ(ω2, j2, q2|ω1, j1, q1)
Γ(ω2, j2, q2)
6= 0, (21)
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which shows that the two emissions are statistically dependent, that is to say, there are
correlations between sequential Hawking radiations.
Like Eq. (17) the conditional probability Γ(ωi, ji, qi|ω1, j1, q1, · · · , ωi−1, ji−1, qi−1) is the
tunneling probability of a particle emitting with energy, angular momentum and charge
(ωi, ji, qi) after a sequence of radiation from 1→ (i− 1), so conditional entropy taken away
by this tunneling particle is given by
S(ωi, ji, qi|ω1, j1, q1, · · · , ωi−1, ji−1, qi−1) = − ln Γ(ωi, ji, qi|ω1, j1, q1, · · · , ωi−1, ji−1, qi−1).
(22)
The mutual information for the emissions of two particles with energy, angular momenta
and charges (ω1, j1, q1) and (ω2, j2, q2) is defined as [11–13]
S(ω2, j2, q2 : ω1, j1, q1) ≡ S(ω2, j2, q2)− S(ω2, j2, q2|ω1, j1, q1)
= − ln Γ(ω2, j2, q2) + ln Γ(ω2, j2, q2|ω1, j1, q1)
= ln
Γ(ω2, j2, q2|ω1, j1, q1)
Γ(ω2, j2, q2)
, (23)
which shows that mutual information is equal to the correlation between the sequential
emissions, that is to say, the information is encoded in the correlations between Hawking
radiations.
Let us calculate the entropy carried out by Hawking radiations. The entropy carried out
by the first emitting particle with energy, angular momentum and charge (ω1, j1, q1) is
S(ω1, j1, q1) = − ln Γ(ω1, j1, q1). (24)
The conditional entropy carried out by the second emitting particle after the first emission
is
S(ω2, j2, q2|ω1, j1, q1) = − ln Γ(ω2, j2, q2|ω1, j1, q1). (25)
So the total entropy carried out by the two sequential emissions is
S(ω1, j1, q1, ω2, j2, q2) = S(ω1, j1, q1) + S(ω2, j2, q2|ω1, j1, q1). (26)
Assuming the black hole exhausts after radiating n particles, we have the following rela-
tionship
n∑
i
ωi = M,
n∑
i
ji = J,
n∑
i
qi = Q, (27)
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where M,J,Q are the mass, angular momentum and charge of the black hole. The entropy
carried out by all the emitting particles is
S(ω1, j1, q1, · · · , ωn, jn, qn) =
n∑
i=1
S(ωi, ji, qi|ω1, j1, q1, · · · , ωi−1, ji−1, qi−1)
= S(ω1, j1, q1) + S(ω2, j2, q2|ω1, j1, q1)
+ · · ·+ S(ωn, jn, qn|ω1, j1, q1, · · · , ωn−1, jn−1, qn−1)
= − ln Γ(ω1, j1, q1)− ln Γ(ω2, j2, q2|ω1, j1, q1)− · · ·
− ln Γ(ωn, jn, qn|ω1, j1, q1, · · · , ωn−1, jn−1, qn−1)
= − ln[Γ(ω1, j1, n1)× Γ(ω2, j2, q2|ω1, j1, q1)× · · · ×
Γ(ωn, jn, qn|ω1, j1, q1, · · · , ωn−1, jn−1, qn−1)]
= − ln Γ(ω1 + ω2 + · · ·+ ωn, j1 + j2 + · · ·+ jn, q1 + q2 + · · ·+ qn)
= − ln Γ(M,J,Q) = pi[2M2 −Q2 + 2
√
M2 − J2 −Q2M2]
= SBH , (28)
where we use the Eq. (20) in the fifth equation and Eq. (12) in the last equation. The
result shows that the entropy carried out by all the emitting particles equals to the black
hole original entropy, so the total entropy is conserved in the process of radiation.
IV. DISCUSSIONS AND CONCLUSIONS
In this paper we recalculate the tunneling spectrum of a general charged and rotating
black hole–Kerr-Newman black hole by using Parikh and Wilczek’ s method and get the most
general result (13). A technical difference between our work and former works [9, 10] is that
we only use the result φ˙ = Ω since for the s-wave the particles radiate along the normal
direction of cross section, and the condition j = aω used in Refs. [9, 10] is unnecessary. We
also discuss the ambiguity in Parikh and Wilczek’ s tunneling method, and compare it with
another tunneling method–complex path integration method (also called Hamilton-Jacobi
method). We use this most general result to investigate the back hole information recovery
based on Refs. [11–13], and find that for this tunneling spectrum there exit correlations
between sequential Hawking radiations, information can be carried out by such correlations,
and the entropy is conserved during the radiation process. Therefore, the most general case
about back hole information recovery based on the methods [11–13] is given in this paper.
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